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1. Introduction
Abstract regular polytopes are combinatorial structures allowing all possible symmetries by (abstract) reflections. They
have been thoroughly studied in recent years andmost of the results are summarized in [7]. In particular, it is known that for
any rank d there are regular polytopeswith rank d, for example those corresponding to the Coxeter groupswith d generators
and string diagram. Furthermore, it was known that every abstract regular polytope with rank d is the facet of an abstract
regular polytope with rank d+ 1 (see for example [3,9,11]).
Chiral polytopes are defined in [12] as combinatorial structures allowing all possible symmetries by (abstract) rotations,
but none at all by (abstract) reflections. The first examples of such objects appeared as quotients of regular tessellations
of the Euclidean plane and of the hyperbolic space (see [2,13]), with ranks 3 and 4 respectively. Infinite chiral (d + 1)-
polytopes with preassigned chiral facets were constructed in [14]. This construction requires the (d−1)-faces to be regular,
and therefore it can only be applied at most once to any given polytope and at most once to its dual. As a consequence, the
existence of infinite chiral polytopes of ranks 5 and 6 was proved. In [1] computer software was used to construct finite
chiral polytopes with ranks 4 and 5. The existence of (finite) chiral polytopes with ranks 6, 7 and 8 was recently announced.
In this paper we use techniques similar to those used in [9] to construct chiral polytopes with rank d+ 1 and with facets
isomorphic to some regular polytope. This is done by using the GPR graphs defined in [10]. Furthermore we show that this
leads to a constructive proof of the existence of chiral d-polytopes for every rank d ≥ 3.
2. Regular and chiral polytopes
In this section we introduce abstract regular and chiral polytopes; see [7,12] for details.
An abstract d-polytope (or abstract polytope of rank d) K is a partially ordered set whose elements are called faces and
which satisfies the following properties. K contains a minimum face F−1 and a maximum face Fd, and every flag of K
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(maximal totally ordered subset) contains precisely d+2 elements (including F−1 and Fd). This induces a rank function from
K to the set {−1, 0, . . . , d} such that rank(F−1) = −1 and rank(Fd) = d. The faces of rank i are called i-faces, the 0-faces
are called vertices, the 1-faces are called edges and the (d − 1)-faces are called facets. We shall abuse notation and casually
identify the section G/F−1 := {H | H ≤ G} with the face G itself inK . Given a vertex v, the section Fd/v := {H | H ≥ v}
is called the vertex-figure ofK at G. For every incident faces F and G such that rank(F)− rank(G) = 2, there exist precisely
two faces H1 and H2 such that G < H1,H2 < F . This property is referred to as diamond condition. As a consequence of the
diamond condition, for any flagΦ and any i ∈ {0, . . . , d−1} there exists a unique flagΦ i that coincides withΦ in the j-face
for all j 6= i but has a different i-face. This flag is called the i-adjacent flag of Φ . Finally,K must be strongly flag-connected,
meaning that for any two flagsΦ ,Φ ′ there exists a sequence of flagsΨ0 = Φ,Ψ1, . . . ,Ψm = Φ ′ such thatΦ ∩Φ ′ ⊆ Ψk and
Ψk−1 is adjacent to Ψk, for k = 1, . . . ,m.
The dual of a polytopeK consists of the set of faces ofK with the order reversed.
Whenever a d-polytopeK has the property that for i = 1, . . . , d − 1, the (polygonal) section G/F := {H | F ≤ H ≤ G}
between an (i − 2)-face F and an incident (i + 1)-face G depends only on i and not on F and G, we say thatK is equivelar.
In this case, for any incident faces F and G of ranks i− 2 and i+ 1, respectively, the section G/F is isomorphic to an abstract
pi-gon for a fixed number pi ≤ ∞. We define the Schläfli type of an equivelar polytopeK as {p1, . . . , pd−1}. Throughout this
paper we will encounter only polytopes with pi ≥ 3 for i = 1, . . . , d − 1. Regular and chiral polytopes defined below are
examples.
An automorphism of a polytopeK is an order preserving permutation of its faces. The set of automorphisms ofK forms
a group denoted by Γ (K).
We say that a d-polytopeK is regular ifΓ (K) is transitive on the flags ofK . In this case,Γ (K) is generated by involutions
ρ0, . . . , ρd−1 where ρi is the (necessarily unique) automorphism ofK mapping a fixed base flag Φ to its i-adjacent flag Φ i.
This set of generators satisfy the relations
ρ2i = ε,
(ρiρj)
2 = ε whenever |i− j| ≥ 2,
where ε denotes the identity element. These generators also satisfy the intersection conditions given by
〈ρi | i ∈ I〉 ∩ 〈ρi | i ∈ J〉 = 〈ρi | i ∈ I ∩ J〉, (1)
for all I, J ⊆ {0, . . . , d− 1}. The order of the element ρi−1ρi in Γ (K) is the Schläfli number pi (we allow pi = ∞).
A group together with a generating set {ρ0, . . . , ρd−1} is called a string C-group if all generators ρi are involutions and
they satisfy the relation (ρiρj)2 = ε for |i − j| ≥ 2, and the intersection condition (1). The string C-groups are in a one-
to-one correspondence with the automorphism groups of regular polytopes; in particular, every regular polytope can be
reconstructed from its automorphism group.
The rotation subgroup of (the automorphism group of) a regular d-polytope K is defined as the subgroup of Γ (K)
consisting of words of even length on the generators ρ0, . . . , ρd−1 and is denoted by Γ +(K). For i = 1, . . . , d − 1 we
define the abstract rotation σi to be ρi−1ρi, that is, the automorphism ofK mapping the base flagΦ to (Φ i)i−1. It is not hard
to see that Γ +(K) = 〈σ1, . . . , σd−1〉 and that those generators satisfy the relations
(σi · · · σj)2 = ε (2)
for i < j. The order of σi is just the entry pi in the Schläfli symbol.
We define abstract half-turns as the involutions τi,j := σi · · · σj for i < j. For consistency we also define τ0,i := τi,d := ε
and denote σi by τi,i. Then the abstract rotations and half-turns satisfy the intersection condition given by
〈τi,j | i ≤ j; i− 1, j ∈ I〉 ∩ 〈τi,j | i ≤ j; i− 1, j ∈ J〉 = 〈τi,j | i ≤ j; i− 1, j ∈ I ∩ J〉 (3)
for I, J ⊆ {−1, . . . , d}.
For any regular polytopeK , the index of Γ +(K) on Γ (K) is at most 2. Whenever Γ +(K) has index 2 in Γ (K)we say
thatK is orientably regular; otherwiseK is said to be non-orientably regular.
We say that the d-polytope K is chiral if its automorphism group induces two orbits on flags with the property that
adjacent flags always belong to different orbits. It is not hard to see that although the facets and vertex-figures of a chiral
d-polytopeK can be either regular or chiral, the (d− 2)-faces ofK must necessarily be regular (see [12, Proposition 9]).
Some examples of orientably regular and chiral polytopes are given by quotients of the Euclidean tessellations {3, 6},
{4, 4} and {6, 3} of the Euclideanplane by triangles, squares andhexagons respectively. Let T denote the group of translations
of the plane which fix a given tessellation. We denote by {p, q}u the quotient of the regular tessellation {p, q} of the plane by
the subgroup Tu of T generated by the translational symmetries with respect to the linearly independent vectors u and uR,
where R stands for the rotation by 2pi/q. For {p, q} = {4, 4} and {p, q} = {3, 6} it is well known that the quotient {p, q}u is
regular whenever u = (a, 0) or u = (a, a)with the vectors taken with respect to the basis {e, eR}where e denotes a vector
with the size and direction of an edge of the tessellation. Moreover, the quotient {p, q}u is chiral whenever it is not regular
(see [2], [7, Section 1D]). The same is true for {p, q} = {6, 3} if we choose e as described above for the dual tessellation {3, 6}.
Note that {4, 4}(1,a), {3, 6}(1,0) and {6, 3}(1,0) fail to be strongly flag-connected for a = 0, 1, and thus, they are not abstract
polyhedra.
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The automorphism group Γ (K) of a chiral polytope is generated by elements σ1, . . . , σd−1, where σi maps a base flag
Φ to (Φ i)i−1, that is, σi cyclically permutes the i- and (i − 1)-faces ofK incident with the (i − 2)- and (i + 1)-faces of Φ .
Furthermore, the generators σi also satisfy (2) aswell as the intersection conditions in (3). Because of the obvious similarities
between the automorphism group of a chiral polytope and the rotation subgroup of a regular polytope we shall also refer
to the generators σi of the automorphism group of a chiral polytope as abstract rotations, to the products τi,j := σiσi+1 · · · σj
(i < j) as abstract half-turns, and to the automorphism group of a chiral polytope as its rotation subgroup. When convenient,
we shall denote the automorphism group Γ (K) = 〈σ1, . . . , σd−1〉 of the chiral polytopeK by Γ +(K).
The following lemma provides an equivalence to some relations in (2).
Lemma 2.1. Let d ≥ 4, let Γ be a group generated by elements σ1, . . . , σd−1, and let τd−2,d−1 := σd−2σd−1. If the relations (2)
hold for every j < d− 1, then the set of relations (σk · · · σd−1)2 = ε, k = 1, . . . , d− 2 is equivalent to the set of relations
τ 2d−2,d−1 = ε (4)
τd−2,d−1σd−3τd−2,d−1 = σ−1d−3 (5)
τd−2,d−1σd−4τd−2,d−1 = σd−4σ 2d−3 (6)
τd−2,d−1σj = σjτd−2,d−1 for j < d− 4. (7)
Proof. The relation (4) is equivalent to (σd−2σd−1)2 = ε, and (5) is equivalent to (σd−3σd−2σd−1)2 = ε. Using (4) and (5),
relation (6) can be seen to be equivalent to (σd−4σd−3σd−2σd−1)2 = ε in the following way:
σd−2σd−1σd−4σd−2σd−1 = σd−2σd−1σd−4σ−1d−1σ−1d−2σ−1d−3σd−3
= σd−2σd−1σd−4σd−3σd−2σd−1σd−3
= σ−1d−3σ−1d−4σd−3 = σd−4σ 2d−3.
Finally, if we assume that relations (σk · · · σd−1)2 = ε hold for k > j, Eq. (7) can be rewritten as σjσd−2σd−1σ−1j σ−1d−1σ−1d−2 = ε,
but then
σjσd−2σd−1σ−1j σ
−1
d−1σ
−1
d−2 = σj(σj+1 · · · σd−3)2σd−2σd−1σ−1j σ−1d−1σ−1d−2
= σ−1d−3σ−1d−4 · · · σ−1j σ−1d−1σ−1d−2 · · · σ−1j σ−1d−1σ−1d−2
equals ε if and only if (σj · · · σd−1)2 = ε. 
It was proved in [12] that any group Γ together with a generating set {σ1, . . . , σd−1} satisfying (2) and the intersection
conditions in (3) is the rotation subgroup of either an orientably regular polytope, or a chiral polytope. Furthermore, Γ is
the rotation subgroup of a regular polytope if and only if there is a group automorphism η of Γ such that
σiη =
σ
−1
i for i = 1,
σ 21 σi for i = 2,
σi for i > 2,
(8)
or dually,
σiη =
σ
−1
i for i = d− 1,
σiσ
2
d−1 for i = d− 2,
σi for i < d− 2.
(9)
Alternatively, we may use the following criterion to determine whether a group corresponds to a regular or chiral
polytope.
Proposition 2.2. Let Γ = 〈σ1, . . . , σd−1〉 be a group satisfying (2) and the intersection condition (3). Then Γ is the rotation
subgroup of the automorphism group of an orientably regular polytope if and only if there is a group automorphism α of Γ such
that
σd−1α = σ−1d−1,
σd−2α = σ−1d−2,
σd−3α = σd−3σ 2d−2
σkα = σk for k ≤ d− 4.
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Proof. The automorphism α is the composition ηη1 where η is the automorphism in (9) and η1 denotes conjugation by
σ−1d−1. In fact, an argument similar to the one used at the end of the proof of Lemma 2.1 will prove that for k ≤ d − 4, σd−1
commutes with σk. On the other hand,
σd−1σd−3σ−1d−1 = σd−1σd−3σd−2σd−1σd−2 = σd−1σ−1d−1σ−1d−2σ−1d−3σd−2 = σd−3σ 2d−2. 
Each chiral d-polytope K occurs in two enantiomorphic forms, in a sense in a right and left handed version which can
be thought of as mirror images of each other. The group Γ (K) together with the distinguished generators σ1, . . . , σd−1
completely determines the polytopeK as well as the enantiomorphic form in consideration. We refer to [13] for details.
The following criterion determines that some groups satisfy the intersection condition (3) and follows directly from [12,
Lemma 10].
Lemma 2.3. Let n ≥ 4 and let Γ = 〈σ1, . . . , σd−1〉 be a group satisfying (2). If 〈σ1, . . . , σd−2〉 is the even subgroup of the
symmetry group of a regular (d− 1)-polytope and the intersection condition
〈σ1, . . . , σd−2〉 ∩ 〈σk, . . . , σd−1〉 = 〈σk, . . . , σd−2〉
holds for k = 2, . . . , d− 1, then Γ satisfies the intersection condition.
In [7, Section 7A] the mix of two regular polytopes is defined. We extend that definition to orientably regular or chiral
polytopes as follows.
Let Γ +(K) and Γ +(P ) be the rotation subgroups of orientably regular or chiral d-polytopes with abstract rotations
given by σ1, . . . σd−1 and δ1, . . . , δd−1. The mix Γ +(K)♦Γ +(P ) of the groups Γ +(K) and Γ +(P ) is the subgroup
〈(σ1, δ1), . . . , (σd−1, δd−1)〉 of the direct product Γ +(K) × Γ +(P ). Whenever Γ +(K)♦Γ +(P ) satisfies the intersection
condition with respect to the generators γi := (σi, δi), the group Γ +(K)♦Γ +(P ) is the rotation subgroup of an orientably
regular or chiral polytopeK♦P called themix ofK and P . The next remark follows directly from this definition.
Remark 2.4. LetK and P be two isomorphic orientably regular or chiral polytopes, then their mix is a polytope and
K♦P ∼= K ∼= P .
For any d-polytopeK (not necessarily regular or chiral) and i = 1, . . . , d− 1 we define the (involutory) permutation ri
on the flags ofK byΦri = Φ i. The subgroup 〈r0, . . . , rd−1〉 of the symmetric group on the set of flags ofK is often referred
to as themonodromy group ofK (see for example [6]). Note that for any flagΦ ofK and any automorphism δ ∈ Γ (K), the
definition of automorphism ofK implies that (Φδ)ri = (Φri)δ. An inductive argument can be used to show that, for any
wordw on the generators ri,
(Φδ)w = (Φw)δ. (10)
The following results show a useful relation between the monodromy group and the automorphism group of a chiral
polytope.
Lemma 2.5. Let K be a chiral polytope with base flag Φ , automorphism group Γ (K) = 〈σ1, . . . , σd−1〉 and monodromy group
〈r0, . . . , rd−1〉. Let si := ri−1ri for i = 1, . . . , d− 1. ThenΦσi1 · · · σim = Φs−1im . . . s−1i1 .
Proof. We proceed by induction overm.
For m = 1 the result is a direct consequence of the definition of the abstract rotations σi. Assume that Φσi1 · · · σim−1 =
Φs−1im−1 . . . s
−1
i1
. Then
Φs−1im s
−1
im−1 · · · s−1i1 = Φσims−1im−1 · · · s−1i1 .
As a consequence of (10), this equalsΦs−1im−1 · · · s−1i1 σim which, by the induction hypothesis, equalsΦσi1 · · · σim . 
Corollary 2.6. Let K be a chiral polytope with automorphism group Γ (K) = 〈σ1, . . . , σd−1〉 and monodromy group
〈r1, . . . , rd−1〉, and let si := ri−1ri for i = 1, . . . , d−1. Then si1 · · · sim stabilizes the base flag Φ of K if and only σi1 · · · σim = ε.
Proof. This follows from Lemma 2.5 and the fact that ε is the only automorphism ofK with fixed flags. 
Proposition 2.7. Let K be a chiral d-polytope, O be the orbit of the base flag Φ of K under Γ (K), and let s1, . . . , sd−1 be as
in Lemma 2.5. Then there is a group isomorphism between Γ (K) and the permutation group on O induced by 〈s1, . . . , sd−1〉.
Proof. Note first that (10) implies that aword on 〈s1, . . . sd−1〉 fixesΦ if and only if it fixes all other flags inO. The proposition
now follows directly from Lemma 2.5 and Corollary 2.6. 
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Fig. 1. GPR graph of {4, 4}(5,0) = {4, 4}(2,1) .
LetK be a d-polytope andP be a regular d-polytope with automorphism group Γ (P ) = 〈ρ0, . . . , ρd−1〉. We say thatK
admits a flag action from P if there is a group homomorphism from Γ (P ) to the monodromy group ofK mapping ρi to ri.
It is not hard to see thatK ∼= P/N where N is the stabilizer in Γ (P ) of a flag ofK . The quotient P/N can be thought of as
the combinatorial structure resulting from identifying the flagΦw of P with all flagsΦnw, forΦ the base flag of P , n ∈ N
andw in the monodromy group of P . We refer to [5] and [7, Section 2D] for further details.
We note that wheneverK is chiral, if the action of a wordw in the generators ρi of Γ (P ) stabilizes a flagΦ ofK thenw
must preserve the two orbits of flags under Γ (K). Since the action of each generator ρi interchanges the orbits, it follows
that all elements of Γ (P ) fixingΦ have even length, and thus, N ⊆ Γ +(P ).
3. GPR graphs
CPR (C-group permutation representation) graphs are introduced in [8] as graphs encoding all information of the
automorphism group of a regular polytope. This concept is extended in [10] to GPR (general permutation representation)
graphs, which encode all information of the rotation subgroup of orientably regular or chiral polytopes. For convenience we
include the main definition in the finite case along with some results.
LetK be a finite regular or chiral polytope with Γ +(K) = 〈σ1, . . . , σd−1〉 and let pi be an embedding of Γ +(K) into
a symmetric group St . The GPR graph ofK determined by pi is the directed multigraph (parallel arrows are allowed) with
vertex set {1, . . . , t} and an arrow labeled k ∈ {1, . . . , d− 1} from u to v if and only if v = u(σkpi).
For example, the graph at the left of Fig. 1 is the GPR graph of the chiral polyhedron {4, 4}(2,1) determined by the
embedding of its automorphism group on the permutations of its faces (or vertices).
GPR graphs of an orientably regular or chiral polytopeK are in close connection with Schreier’s coset diagrams of Γ (K)
as defined in [2, Section 3.7] (see [10, Proposition 3.4]). Each Schreier’s coset diagramwhich is not a GPR graph corresponds
to the non-faithful action of Γ (K) on the cosets of some subgroup. On the other hand, all GPR graphs that are not Schreier’s
coset diagrams are disconnected GPR graphs.
We shall denote the arrows labeled k as k-arrows. For simplicity we omit all loops, and therefore, the fixed points by the
image underpi of σi are determined by the vertices contained in no k-arrow. Note that for every k ∈ {1, . . . , d−1} and every
vertex v of a GPR graph there are either no k-arrows incident with v or precisely one k-arrow arriving at v and one k-arrow
leaving from v. Consequently, the k-arrows form directed cycles implying that a GPR graph is a strongly connected digraph
if and only if the underlying graph is connected. When convenient we shall refer to the connected components induced by
arrows labeled i and by arrows labeled i, i+ 1, . . . , j as i-components and (i, j)-components respectively.
Whenever the embedding pi plays no role or is clear from the context we shall refer to the GPR graph ofK determined
by pi simply by a GPR graph ofK .
WheneverK is orientably regular or chiral, t is half the number of flags ofK , and pi is the natural embedding of Γ +(K)
into the symmetric group on the orbit of flags ofK under Γ +(K) that contains the base flagΦ , we say that the GPR graph
of K determined by pi is the Cayley GPR graph of K and denote it by Cay(K). Note that Cay(K) is the (colored) Cayley
graph of Γ +(K)with generators σ1, . . . , σd−1 in the sense of [15]. The following proposition and corollary follow from the
regular action (transitive action with trivial point stabilizers) of Γ +(K) on one of the two induced orbits of flags ofK , or
alternatively, from the regular action of a group on any of its Cayley graphs.
Proposition 3.1. Let G be the Cayley GPR graph of an orientably regular or chiral d-polytopeK and let u, v be two vertices of
G. Then there exists a unique element in α ∈ Γ (K) such that uα = v.
Corollary 3.2. Let G be the Cayley GPR graph of an orientably regular or chiral d-polytopeK . Then ε is the only element inΓ (K)
whose action on the vertices of G has fixed points.
Also as a consequence of (8) and of the regular action of Γ +(K) on the vertices of its Cayley GPR graph we imply the
following proposition.
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Proposition 3.3. Let d ≥ 3 and let G be the Cayley GPR graph of an orientably regular or chiral d-polytope K . Let G∗ be the
graph obtained from G by reversing all 1-arrows, erasing the 2-arrows and adding 2-arrows from v to vσ 21 σ2 for every vertex v.
Then G is isomorphic to G∗ if and only if K is regular.
In [10, Figure 7] we include an example that shows that Proposition 3.3 is not necessarily true if we let G be any GPR
graph ofK .
The group Γ +(K) acts naturally on the vertex set of the GPR graph of K determined by pi . This action is defined by
vσi := v(σipi) and, since pi is an embedding, the action is faithful. In other words, any GPR graph of a regular or chiral
polytopeK completely determines the rotation subgroup ofK .
The following result determines sets Xi of flags of the polytopeK such that a given connected component of a GPR graph
ofK is a permutation representation graph (not necessarily faithful) on the set X := {Xi}. As a consequence, it describes the
embedding pi for all connected GPR graphs (cf. [10, Corollary 3.6]).
Lemma 3.4. Let C be a connected component of a GPR graphGof an orientably regular or chiral polytopeK with base flag Φ . Let v
be a vertex of C and let Λ be the stabilizer of v under the action of Γ +(K) on V (G). Then C is the GPR graph of K (not necessarily
faithful) induced by the natural homomorphism pi of Γ +(K) into the symmetric group on the set X := {ΦΛγ | γ ∈ Γ +(K)}.
Proof. We associate the vertex v withΦΛ, and the vertex vγ withΦΛγ for every γ ∈ Γ +(K). The natural action of σi on
the set X is defined by
(ΦΛγ )σi := ΦΛ(γ σi).
Clearly this action can be extended to an action from Γ +(K) on X . Furthermore, there is an i-arrow from ΦΛγ1 to ΦΛγ2
if and only ifΛγ1σ1 = Λγ2 and, by the definition of GPR graphs, this is equivalent to having an arrow between vγ1 to vγ2.

The following proposition relates the automorphism group of an orientably regular or chiral polytope K with the
automorphism group as a labeled graph of a given GPR graph ofK . The proof is analogous to that of [8, Proposition 3.7].
Proposition 3.5. Let G be a GPR graph of an orientably regular or chiral polytopeK . Assume that Λ is the automorphism group
of G as a labeled graph, and for any vertex v of G let Ov be the orbit of v under Λ. We define the quotient graph G/Λ by
• V (G/Λ) = {Ov | v ∈ V (G)}, and
• there is an arrow with label i from Ov to Ow if and only if there exist x ∈ Ov and y ∈ Ow such that there is an arrow with label
i from x to y in G.
If G/Λ is again a GPR graph of a polytope P , then P is the quotient of K determined by the normal subgroup
N = {φ ∈ Γ +(K) | vφ ∈ Ov for every v ∈ V (G)}.
Note that two distinct polytopes can have the same rotation subgroup, for instance, the cube and the hemi-cube.
Consequently, any GPR graph of the cube is also a GPR graph of the hemi-cube. However, two distinct orientably regular
polytopes must have distinct rotation subgroups. Therefore a GPR graph determines completely an orientably regular or
chiral polytope.
The following proposition follows directly from the definition of mix of polytopes.
Proposition 3.6. Let G and H be GPR graphs of the polytopes P and Q. If the group associated with the disjoint union of G and
H satisfies the intersection condition, then it is a GPR graph of the mix P♦Q.
In order to construct orientably regular or chiral polytopes from GPR graphs we require to determine whether the group
induced by a given graph satisfies
• relations (2) and
• the intersection condition.
Furthermore, if the group satisfies these two properties, we are usually interested in determine whether
• the induced polytope is orientably regular or chiral.
In general we cannot determine immediately from the graph whether these properties hold. In [10] we give some criteria
that help in particular cases. The following theorem provides another criterion to determine that the induced group satisfies
the intersection condition.
Theorem 3.7. Let G be a graph with arrows labeled 1, . . . , d and let C1, . . . , Cs be the (1, d− 1)-components of G. Assume also
that
(a) C1, . . . , Cs are isomorphic to the Cayley GPR graph of a fixed orientably regular or chiral d-polytopeK ,
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(b) for k = 1, . . . , d − 1, the action of (σk · · · σd)2 on the vertex set of G is trivial, where σi is the permutation determined by
all arrows of label i,
(c) 〈σ1, . . . , σd−1〉 ∩ 〈σd〉 = {ε}.
(d) for every k = 2, . . . , d−1 there exist a (1, d−1)-component Ck and a (k, d)-component Dk such that Ck∩Dk is a non-empty
(k, d− 1)-component.
Then G is a GPR graph of an orientably regular or chiral polytope.
Proof. Relations (2) follow from (a), (b) and the faithful action of 〈σ1, . . . , σd−1〉 on each Ci. Hence we only need to prove
the intersection condition.
It follows from Remark 2.4 and (a) that 〈σ1, . . . , σd−1〉 is isomorphic to Γ +(K). By Lemma 2.3, it only remains to be
proved that, for 2 ≤ k ≤ d,
〈σ1, . . . , σd−1〉 ∩ 〈σk, . . . , σd〉 = 〈σk, . . . , σd−1〉.
The case k = d is implied by (c). Let 2 ≤ k ≤ d − 1, α ∈ 〈σ1, . . . , σd−1〉 ∩ 〈σk, . . . , σd〉, and v a vertex of Ck ∩ Dk. Since
α ∈ 〈σ1, . . . , σd−1〉, vα belongs to Ck. A similar argument shows that vα belong to Dk. By (d) it follows that vα and v belong
to the same (k, d− 1)-component, namely Ck ∩ Dk, and therefore there exists β ∈ 〈σk, . . . , σd−1〉 such that vαβ = v. Since
αβ ∈ 〈σ1, . . . , σd−1〉 it follows from Corollary 3.2 that α = β−1 ∈ 〈σk, . . . , σd−1〉. 
In Sections 5 and 6we shall require to construct a particularmatching (set of mutually disjoint edges) between two given
copies of the Cayley GPR graph of the same orientably regular d-polytopeK . Let G and G′ be such copies with u ∈ V (G) and
v ∈ V (G′). We may assume that u and v correspond to the base flag ofK . Let φ be the group isomorphism of Γ +(K) such
that σd−1φ = σ−1d−1, σd−2φ = σd−2σ 2d−1 and σkφ = σk for k < d− 2. We now defineM as the set of edges
{xy | x = uξ ∈ V (G), y = v(ξφ), ξ ∈ Γ +(K)}.
Consider the elements ofΓ +(K) as permutations of the vertices ofG∪H and letα be the permutation of the vertices ofG∪H
that interchanges the end vertices of the edges in the matchingM . It is easy to see that conjugating an element γ ∈ Γ +(K)
by α is equivalent to applying φ on γ . This implies
Proposition 3.8. Let G, G′ be two graphs isomorphic to the Cayley GPR graph of an orientably regular d-polytopeK with rotation
subgroup 〈σ1, . . . σd−1〉, and let u ∈ V (G) and v ∈ V (G′). Then there exists a perfect matching M in the (disjoint) union of G and
G′ such that uv is an edge of M, every edge of M contains a vertex of G and a vertex of G′, and satisfies the property that
ασd−1α = σ−1d−1
ασd−2α = σd−2σ 2d−1
ασkα = σ−1k for k < d− 2
where the generators σi are interpreted as permutations of the vertices and µ is the (involutory) permutation induced by M.
The above construction of a matching can bemodified to construct a matching in a single copy G of the Cayley GPR graph
of an orientably regular polytopeK , with the property that no edge of the matching is incident to a given vertex u. With φ
as above, the matching now consists of the edges
{xy | x = uξ ∈ V (G), y = u(ξφ), ξ ∈ Γ +(K)}.
Note that there may be more than one vertex not incident with any edge of this matching. In fact, there is one such vertex
for each ξ ∈ Γ +(K) with the property that ξφ = ξ . Conjugation by the permutation induced by such a matching has the
same effect in the arrows as in the construction above. It follows that
Proposition 3.9. Let G the Cayley GPR graph of an orientably regular d-polytope K and let u ∈ V (G). Then there exists a
matching M in G such that no edge of M is incident to u, and
ασd−1α = σ−1d−1
ασd−2α = σd−2σ 2d−1
ασkα = σ−1k for k < d− 2
where the generators σi are interpreted as permutations of the vertices and µ is the (involutory) permutation induced by M.
As we shall see, sometimes it is convenient to consider alternative generating sets for the rotation subgroup
Γ +(K) = 〈σ1, . . . , σd−1〉 of an orientably regular or chiral d-polytope K . In Sections 5 and 6 we shall make use of
{σ1, . . . , σd−2, τd−2,d−1} as generating set forΓ +(K). In doing so,we considerGPR graphs inwith arrows labeled 1, . . . , d−2
corresponding to σ1, . . . , σd−2, and a matching corresponding to τd−2,d−1 consisting of (non-oriented) edges between v and
vτd−2,d−1 for each vertex v. This will make it immediate to verify relation (2) for i = d− 2, j = d− 1.
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4. Mixed regular cover of chiral polytopes
In the remaining sections we shall use a particular regular cover of chiral polytopes with regular facets explained next.
Let K be a chiral d-polytope with Γ (K) = 〈σ1, . . . , σd−1〉. We define the group Γ (K) as the mix
Γ (K)♦〈σ−11 , σ 21 σ2, σ3, . . . , σd−1〉. Clearly Γ (K) satisfies (2). Note that the group Γ (K) admits a group automorphism
mapping σ1 and σ2 to σ−11 and σ
2
1 σ2 respectively while fixing σk for k ≥ 3. ThereforeK cannot be the automorphism group
of a chiral polytope. If Γ (K) is the rotation subgroup of an orientably regular polytope we call the latter the mixed regular
cover of K and denote it byK . Note that γ = (γ1, γ2) ∈ Γ (K) for γ1, γ2 ∈ Γ (K) if and only if γ2 can be obtained from
one word on σ1, . . . , σd−1 describing γ1 by replacing σ1 by σ−11 and σ2 by σ
2
1 σ2. Consequently, the group automorphism η
of Γ (K) described in (8) interchanges the two entries of all elements.
LetK be a chiral polytopewithmixed regular coverK . The definition ofmixed regular cover allows us to easily construct
a GPR graph ofK by taking the disjoint union G of any GPR graph G ofK and the graph G∗ obtained from G by reversing the
1-arrows, erasing all 2-arrows and adding an arrow labeled 2 between each vertex v and vσ 21 σ2. As a consequence of the
definition of G∗, the action of an element γ = (γ1, γ2) ∈ Γ (K) on this graph can be interpreted as the simultaneous action
of γ1 on one copy of G and of γ2 on another copy of G, or alternatively, as the action of γ1 on both G and G∗.
For example, the graph at the left of Fig. 1 is a GPR graph of the chiral polyhedron {4, 4}(2,1). The union of both graphs in
the figure is thus a GPR graph of the mixed regular cover {4, 4}(5,0) of {4, 4}(2,1). Note that the graph in the right of Fig. 1 is
isomorphic to the one in the left after reversing all arrows.
The author does not know whether Γ (K) is the rotation subgroup of an orientably regular polytope for every chiral
polytopeK . This is certainly the case ifK has regular facets.
Proposition 4.1. Let d ≥ 4 andK be a chiral d-polytope with regular facets and automorphism groupΓ (K) = 〈σ1, . . . , σd−1〉.
Then Γ (K) := Γ (K)♦〈σ−11 , σ 21 σ2, σ3, . . . , σd−1〉 is the rotation subgroup of an orientably regular polytope, namely the mixed
regular cover K of K .
Proof. Let G be the Cayley GPR graph ofK . Then the union G of G and G∗ is a permutation representation graph of Γ (K).
Clearly G satisfies (a) and (b) of Theorem 3.7. Item (c) follows from the intersection condition in Γ (K). In fact, if
(γ1, γ2) ∈ 〈(σ1, σ−11 ), (σ2, σ 21 σ2), (σ3, σ3), . . . , (σd−2, σd−2)〉 ∩ 〈(σd−1, σd−1)〉
then γ1 = ε because of the intersection condition in Γ (K). The fact that (γ1, γ2) ∈ 〈(σd−1, σd−1)〉 now implies that γ
is ε. Finally, because of the intersection condition in Γ (K), the (1, d − 2)-component and the (k, d − 1)-component of G
containing the vertex associated to the base flag ofK will satisfy the required conditions for Ck and Dk in (d). 
Proposition 4.1 is also true for d = 3, however the proof is out of the scope of this paper. We observe that if K has
chiral facets then the (1, d − 2)-components of G are not the Cayley GPR graph of a polytope and therefore we cannot use
Theorem 3.7.
Proposition 4.2. Let K be a chiral polytope with regular facets and let K be its mixed regular cover. Then the facets of K are
isomorphic to the facets of K .
Proof. This follows fromRemark 2.4, Proposition 3.6 and from the construction of the graphG in the proof of Proposition 4.1.

Note that if the facets of K are not regular then the facets of K (in case it is polytopal) are isomorphic to the mixed
regular cover of the facets ofK .
We conclude this section with the following result.
Lemma 4.3. LetK = P/N whereK is a chiral d-polytope,P is a regular d-polytope and N is the stabilizer of a flag of K under
the flag action of Γ (P ). Let G be a connected GPR graph of K and G = G ∪ G∗ be the GPR graph of K defined as in the proof of
Proposition 4.1. Then
N =
⋂
v∈V (G)
StabΓ+(P )(v), and ρ0Nρ0 =
⋂
v∈V (G∗)
StabΓ+(P )(v).
Proof. LetΓ +(K) = 〈σ1, . . . , σd−1〉,Γ +(P ) = 〈σ ′1, . . . , σ ′d−1〉 and letΦ be the base flag ofK . It follows from the definition
of flag action and from Corollary 2.6 that σ ′i1 . . . σ
′
im fixes Φ (and all other flags in the same orbit under Γ
+(K)) if and only
if σi1 · · · σim = ε.
Let Λ be the stabilizer of a vertex v of G under Γ +(P ). We identify the vertex vγ with the set of flags ΦΛγ as in
Lemma 3.4. Then the above discussion implies that N ⊆ ∩StabΓ+(P )(v). On the other hand, it follows from Lemma 2.5 and
the faithful action from Γ +(K) on any of its GPR graphs that ε is the only element fixing all vertices of G, implying that
N = ∩StabΓ+(P )(v).
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Fig. 2. Cayley GPR graph of the polyhedron {3, 6}(7,0) .
The equality on the right can be obtained from the equality on the left as follows. Let the vertex sets of G and G∗ be
{v1, . . . , vm} and {u1, . . . , um} respectively,with the vertexui inG∗ corresponding to the vertex vi inG. From the construction
of G∗ it follows that the stabilizer of ui in Γ + (P ) is ρ0StabΓ+(P )(vi)ρ0, that is, the group whose elements are those of
StabΓ+(P )(vi) after replacing σ1 and σ2 by σ
−1
1 and σ
2
1 σ2 respectively. Note that
ρ0Nρ0 = ρ0
( ⋂
v∈V (G)
StabΓ+(P )(v)
)
ρ0 =
⋂
v∈V (G)
ρ0StabΓ+(P )(v)ρ0,
which concludes the proof. 
5. A chiral 4-polytope constructed from {3, 6}(2,1)
Before describing in detail the construction of chiral (d+1)-polytopes from certain chiral d-polytopeswith regular facets
we illustrate it with the construction of a chiral 4-polytope from the toroidal polyhedron {3, 6}(2,1).
We shall construct a chiral 4-polytope P by describing one of its GPR graphs G. In doing so, we need to prove that the
induced group satisfies (2), the intersection condition, and that there is no group automorphism of 〈σ1, σ2, σ3〉mapping σ1
to σ−11 and σ2 to σ
2
1 σ2while fixing σ3. We first explain desirable properties forG in order to satisfy these required conditions.
Theorem 3.7 suggests that we can easily prove the intersection condition if all (1, 2)-components of G are isomorphic
to Cay(Q) for some orientably regular or chiral polyhedron Q, which will be isomorphic to all facets of P . Therefore we
shall start our construction by considering a certain number of copies Gi of the Cayley GPR graph of an orientably regular
or chiral polyhedron Q. Furthermore, the vertex set of the graph will be given by ∪V (Gi). It will remain to add all arrows
corresponding to σ3.
For simplicity, we shall construct G by using the abstract half-turn τ2,3 instead of σ3, in so doing proving that (σ2σ3)2 = ε.
Furthermore, Lemma 2.1 implies that (σ1σ2σ3)2 = ε is equivalent to τ2,3σ1τ2,3 = σ−11 . With this in mind we chooseQ to be
regular and use Propositions 3.8 and 3.9 for d = 2 to show that the group 〈σ1, σ2, σ3〉 = 〈σ1, σ2, τ2,3〉 satisfies this relation.
To prove that the induced group is not the rotation subgroup of the automorphism group of an orientably regular
polytope we shall make use of the dual version of Proposition 2.2 and prove that there is no group automorphism of
〈σ1, σ2, σ3〉 mapping σ1, σ2 and σ3 to σ−11 , σ−12 and σ 22 σ3 respectively. To this end we make use of the group structure
of Γ +(Q) = 〈σ1, σ2〉. Our approach requires Γ +(Q) to contain an element n with the property that n and ρ1nρ1 map the
vertex v1 of G (corresponding to the base flag of Q) into two vertices in distinct 1-components of G. In this way we can
manipulate the action of nτ2,3 and n−1τ2,3 by choosing τ2,3 in a suitable way described below. For this purpose we chooseQ
to be the mixed regular cover of a chiral polyhedronR ∼= Q/N and select the element n appropriately in the subgroup N .
We now proceed to the construction. Let R = {3, 6}(2,1), Q = R = {3, 6}(7,0) and n = (σ−11 σ 22 )2σ1σ−22 . Then, as a
consequence of Proposition 2.7, the Cayley GPR graph G ofQ is isomorphic to the graph described next. In the left hand side
of Fig. 2 we show a sample i-component for i = 1, 2. The solid arrows correspond to σ1 and are labeled 1, and the dashed
arrows correspond to σ2 and are labeled 2. The remaining connected components are obtained from these by taking their
images under the translation subgroup of the toroidal polyhedron {3, 6}(7,0) in thin lines in the right hand side of Fig. 2. All
1-arrows and one 2-component of the Cayley GPR graph Cay(Q) ofQ are shown in the right hand side of this figure.
Let n∗ = ρ1nρ1 (as an element in Γ ({3, 6}7,0)), that is,
n∗ = (σ1σ−22 )2σ−11 σ 22 .
Note that N = 〈n〉 and that for any vertex v in the Cay(Q), vn and vn∗ belong to distinct 1-components. We shall abuse
notation and denote respectively by n and n∗ the elements (σ−11 σ
2
2 )
2σ1σ
−2
2 and (σ1σ
−2
2 )
2σ−11 σ
2
2 in the group Γ
+(P ) to be
constructed.
In order to construct the desired graph we follow four steps.
Step 1
We take a number 2q of copies of Cay(Q), with the j-th copy having vertices vi,j. It remains to determine the number q
and the edges corresponding to τ2,3, which will be labeled 3.
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v1, 1 v1, 2
v1, 2q- 1
v 1, 3
v1, 2q
Fig. 3. Path described by v1,i under (nτ2,3n−1τ2,3)k .
Step 2
We define some 3-edges in such a way that the order of
ω := τ2,3nτ2,3n−1
is a multiple of q.
Let v1,j denote the vertex at the left bottom corner (say) of the copy j of Cay(Q). We add a 3-edge (corresponding to τ2,3)
between v1,j and v1,j+1 for j even, and between v1,jn and v1,j+1n for j odd (the second subindex is taken modulo 2q). Then
v1,jω = v1,j+2 for j odd, and v1,jω = v1,j−2 for j even, as illustrated in Fig. 3. Since the least positive power of ω fixing v1,1 is
q it follows that qmust divide the order of ω.
Proposition 3.8 with Γ (K) = 〈σ1〉 together with each 3-edge v1,jv1,j+1 (j even) induces two other edges with the same
label, namely the edge between v1,jσ1 and v1,j+1σ−11 , and the edge between v1,jσ
−1
1 and v1,j+1σ1. Similarly, each 3-edge
between v1,jn and v1,j+1n (j odd) induces two other 3-edges. The 3-edges constructed so far can be interpreted in Fig. 3 as
follows. In every pair of triangles of arrows labeled 1 which are joined by an edge labeled 3 and belong to consecutive copies
of Cay(Q), we add two edges to obtain a perfect matching between the two triangles in the way described in Proposition 3.8
(where G and G′ are the triangles).
Step 3
We determine the remaining 3-edges in such a way that the order of
ω∗ := τ2,3n∗τ2,3(n∗)−1
does not depend on q. To do this we shall define the remaining 3-edges within each copy of Cay(Q), that is, they will join
pairs of vertices which belong to the same (1, 2)-component. Furthermore, we may define the 3-edges simultaneously in
all components in such a way that there is a 3-edge from vi,j to vk,j if and only if there is a 3-edge from vi,l to vk,l for every
j, l.
One way to guarantee that the order of ω∗ does not depend on q is to require that, if vi,jω∗ = vk,l for some i, k and
j 6= l, then vk,lω∗ = vi,j. That is, (ω∗)2 acts like ε in all vertices v with the property that v and vω∗ belong to distinct (1, 2)-
components. In this way the orbit of any vertex under ω∗ is either totally contained in a copy of Cay(Q), or consists of only
two elements. With this inmindwe let the vertices v1,j〈σ1〉n∗, v1,jn〈σ1〉n∗, v1,j〈σ1〉(n∗)−1 and v1,jn〈σ1〉(n∗)−1 be fixed under
the action of τ2,3, that is, there is no 3-edge incident to those vertices. As a consequence of this, (ω∗)2 fixes every vertex vi,j
such that, for some k ∈ {0, 1, 2, 3},
vi,j = v1,jσ k1 ,
vi,jn∗ = v1,jσ k1 ,
vi,j = v1,jnσ k1 , or
vi,jn∗ = v1,jnσ k1 .
(11)
Moreover, for each j, the set Vj consisting of vertices vi,j not mentioned in (11) is closed under the action of ω∗, and hence,
the order ofω∗ depends only on its order induced on each of the sets Vj, which does not depend on q. The vertices v1,j〈σ1〉n∗,
v1,jn〈σ1〉n∗, v1,j〈σ1〉(n∗)−1 and v1,jn〈σ1〉(n∗)−1 are respectively marked with×,+,  and  in Fig. 4(a). The vertex at the left
bottommarked with a ‘‘·’’ corresponds to v1,j and the other vertex marked with a ‘‘·’’ corresponds to v1,jn. Note that at most
one vertex of each 1-component has been required to be fixed.
To guarantee the intersection condition in the group induced by G we only need to satisfy items (a), (b), (c) and (d) of
Theorem 3.7.
Item (a) is satisfied by construction.
1232 D. Pellicer / Discrete Mathematics 310 (2010) 1222–1237
a b
Fig. 4. Determining the edges corresponding to τ2,3 .
To guarantee items (c) and (d) we may define a 3-edge between the vertices v1,iσ2 and v1,iσ−12 and another such edge
between the vertices v1,iσ 22 and v1,iσ
−2
2 , marked with a ‘‘+’’ and a ‘‘∆’’ in Fig. 4(b). Additionally we require the vertex v1,iσ 32
to be fixed under the action of τ2,3. In fact, the intersection of the (1, 2)-component and the (2, 3)-component containing
v1,i is just the 2-component containing v1,i, implying (d). On the other hand, the orbit of v1,1 under the action of 〈σ3〉 consists
of the set
{v1,1, v1,1σ2, v1,2, v1,2σ2} (12)
(recall that σ3 = σ−12 τ2,3). Every element in 〈σ1, σ2〉 preserves all copies of Cay(Q) (in particular the one containing v1,1),
however, all elements in 〈σ3〉 preserving the copy {vi,1 | i = 1, . . . ,m} act like ε in the set (12). Therefore any element in
〈σ1, σ2〉 ∩ 〈σ3〉must fix the vertex v1,1, but ε is the only element in 〈σ1, σ2〉with that property. This implies (c).
The edges just defined together with Propositions 3.8 and 3.9 for d = 2 determine the edges {v1,iσ2σ1, v1,iσ−12 σ−11 },
{v1,iσ2σ−11 , v1,iσ−12 σ1}, {v1,iσ 22 σ1, v1,iσ−22 σ−11 } and {v1,iσ 22 σ−11 , v1,iσ−22 σ1}. The vertices contained in these edges are
indicated with ‘‘♦’’, ‘‘o’’, ‘‘’’ and ‘‘×’’ respectively in Fig. 4(b).
In order to prove item (b) of Theorem 3.7 we only need to prove that (σ1τ2,3)2 = (σ1σ2σ3)2 = ε. This can be guaranteed
by Proposition 3.8 (in the vertices incident with 3-edges already defined) and 3.9 if we define the remaining 3-edges in the
following way. For each 1-component with no vertex incident to a 3-edge add a 3-edge between any two vertices in the
connected component. Since so far we required at most one vertex in each connected component not to be contained in a
3-edge, there are always at least two vertices left to be joined by a 3-edge.
Fig. 4(b) shows the 3-edges within each copy of Cay(Q)we consider for our example. The circles next to the ‘‘·’’s indicate
vertices joined to vertices of a different copy of Cay(Q) by a 3-edge. The dashed edges arise from the fact that the vertices
v1,j〈σ1〉n∗, v1,jn〈σ1〉n∗, v1,j〈σ1〉(n∗)−1 and v1,jn〈σ1〉(n∗)−1 have no 3-edge incident to them (compare with Fig. 4(a)). The
dotted edge at the upper right corner arises from the fact that the vertex v1,1σ 32 is not contained in a 3-edge. The remaining
edges were chosen arbitrarily. Note that there are several possible such choices.
Step 4
We determine the number q. An easy but rather tedious calculation from the graph shows that the order of ω∗ is
630 = 2 · 32 · 5 · 7 regardless of our choice of q. Therefore we may choose any q ≥ 4 which is not a divisor of 630 to
guarantee that the orders of ω and ω∗ are distinct. For simplicity we choose q = 4. It can be verified in the graph or with a
computer algebra program such as GAP [4] that the order of ω is now 28.
Note thatω∗ is obtained fromω by replacingσ1,σ2 andσ3 byσ−11 ,σ
−1
2 andσ
2
2 σ3. Consequently the induced groupwill not
contain a group automorphismmapping σ1, σ2 and σ3 to σ−11 , σ
−1
2 and σ
2
2 σ3, and thus, by the dual version of Proposition 2.2,
Γ (P ) cannot be the rotation subgroup of a regular polytope.
The discussion above shows that the graph with 2352 vertices just constructed is a GPR graph of a chiral 4-polytope P
with facets isomorphic to {3, 6}(7,0). It can be verified with GAP [4] that the Schläfli type is {3, 6, 2520}, however, other
choices of 3-edges may yield 4-polytopes with different Schläfli types.
The sets Bi := {vi,j | j ∈ Z8} form 294 blocks of imprimitivity of the action of Γ +(P ). We may identify these blocks with
the vertices vi of the Cayley GPR graph of {3, 6}(7,0) sketched in Fig. 2. Furthermore, the element
φ := [(σ1σ3)120σ1(σ1σ3)120σ−11 (σ1σ3)120σ−11 (σ1σ3)120σ1]2
induces a 3-cycle among the blocks Bi. An easy but rather tedious calculation will show that there are enough 3-cycles in
the induced group to generate the alternating group on the blocks Bi corresponding to vertices on the 49 triangles facing up
(say) in Fig. 2. Since σ2 interchanges the vertices in triangles facing up with the vertices in triangles facing down, it can be
proved that the induced group is (A147×A147)oC2. It follows that the order ofΓ +(K) is divisible by (147!)2/2. To determine
the size of Γ +(P ) it would remain to determine the elements fixing all blocks Bi, but that is out of the scope of this paper.
We note that the graph constructed in this section is a GPR graph of a chiral 4-polytope since the induced orders of ω
and ω∗ are 14 and 630 respectively. We chose q = 4 to illustrate the situation we will find in the construction described in
the next section, where we will not know either the order of ω or how it is related with the order of ω∗.
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6. The GPR graph Chiq(G)
In the previous section we constructed a chiral 4-polytope using the structure of the chiral 3-polytope {3, 6}(2,1). Now
we show one way of extending that idea to construct chiral polytopes of higher rank. We shall do this by constructing a GPR
graph of them. We start by defining a particular class of chiral polytopes.
Definition 6.1. Let d ≥ 4, letK be a chiral d-polytopewith regular facets and letQ := K be itsmixed regular cover defined
as in Section 4 with Γ (Q) = 〈ρ0, . . . , ρd−1〉 and Γ +(Q) = 〈σ1, . . . , σd−1〉. Let H ≤ Γ +(Q) such thatK ∼= Q/H and let
H∗ = ρ0Hρ0.
We say thatK is scattered if there exists an element h ∈ H such that, for h∗ := ρ0hρ0,
h, h∗ 6∈ 〈σ2, . . . , σd−1〉〈σ1, . . . , σd−2〉, (13)
h 6∈ 〈σ1, . . . , σd−2〉H∗〈σ1, . . . , σd−2〉, (14)
and Γ +(Q) satisfies the property that its subsets
〈σ2, . . . , σd−1〉〈σ1, . . . , σd−2〉, (15)
〈σ1, . . . , σd−2〉h∗〈σ1, . . . , σd−2〉, (16)
h〈σ1, . . . , σd−2〉h∗〈σ1, . . . , σd−2〉, (17)
〈σ1, . . . , σd−2〉(h∗)−1〈σ1, . . . , σd−2〉, (18)
h〈σ1, . . . , σd−2〉(h∗)−1〈σ1, . . . , σd−2〉 (19)
are pairwise disjoint. Furthermore, we also require that for α, β ∈ 〈σ1, . . . , σd−2〉,
αh∗ = h∗β implies that α = β = ε. (20)
We shall refer to such an h by a scattering element in H .
In some sense, (13) and (14) indicate that a scattered polytope contains a flag that is mapped far away from itself by the
automorphism ρ0 of Q. The remaining properties of a scattered polytope guarantee that the polytope has enough facets to
allow the construction below.
LetR be a scattered chiral d-polytope with Q = R,R = Q/N and scattering element n ∈ N . Let G be the Cayley GPR
graph of Q with vertex set V (G) = {v1, . . . , vr} where v1 corresponds to the base flag, v1, . . . , vs correspond to the flags
containing the base facet F1 ofQ, and vs+1, . . . , v2s are the vertices v1nα with α ∈ 〈σ1, . . . , σd−2〉 and vs+1 = v1n. Note that
vs+1, . . . , v2s are the vertices of a (1, d−2)-component ofG. It follows from (13) that the sets {v1, . . . , vs} and {vs+1, . . . , v2s}
are disjoint.
For each positive integer qwe define the graphs Chiq(G) as follows. Let
V (Chiq(G)) = {vi,j | i ∈ {1, . . . , r}, j ∈ Z2q}
with the following set of arrows and edges.
(I) An arrow with label i ∈ {1, . . . , d− 1} from vi,j to vk,l if and only if there is an arrow in G from vi to vk, and j = l. This
induces 2q copies of G.
(II) An edge with label d (corresponding to τd−1,d) from v1,j to v1,j+1 for j odd and from vs+1,j to vs+1,j+1 for j even.
(III) Edges labeled d incident to the remaining vertices vi,j for i ≤ 2s determined by the edges in (II) and the matching
referred in Proposition 3.8. So far Chiq(G) consists of 2q copies ofG joined as in Fig. 5, where F2 indicates the components
consisting of the vertices vi,j for s+ 1 ≤ j ≤ 2s.
(IV) For each j, add edges labeled d between pairs of vertices in the set
{v1,jα | α ∈ 〈σ2, . . . , σd−1〉〈σ1, . . . , σd−2〉 r 〈σ1, . . . , σd−2〉} (21)
as indicated in the following variation of thematching described in Proposition 3.9. Letφ be the group automorphism of
〈σ1, . . . , σd−1〉 fixingσk for each k ≤ d−4 andmappingσd−3,σd−2 andσd−1 toσd−3σ 2d−2,σ−1d−2 andσ−1d−1 respectively (see
Proposition 2.2). For any element ξ ∈ 〈σ2, . . . , σd−1〉〈σ1, . . . , σd−2〉 r 〈σ1, . . . , σd−2〉 add an edge labeled d between
the vertices v1,jξ and v1,j(ξφ). This matching is well defined in the set (21) since φ preserves the sets 〈σ1, . . . , σd−2〉
and 〈σ2, . . . , σd−1〉.
Note that these edges do not overlap with the edges described in (II) and (III) because of (13).
(V) For each j and for
v ∈ {v1,jαn∗, v1,jnαn∗, v1,jα(n∗)−1, v1,jnα(n∗)−1 | α ∈ 〈σ1, . . . , σd−2〉} (22)
add the matching consisting of edges labeled d referred in Proposition 3.9 with u = v in the (1, d − 2)-component
of v. We claim that any two vertices in the set (22) belong to distinct (1, d − 2)-components, and thus, these edges
are well defined. In fact, this follows from (20) and from the fact that the sets (16)–(19) are pairwise disjoint. In fact,
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Fig. 5. Structure of the graph Chiq(G).
v1,jαn∗ = v1,jα′n∗β with α, α′, β ∈ 〈σ1, . . . , σd−2〉 implies that (α′)−1αn∗ = n∗β and therefore (α′)−1α = β = ε
(similar arguments can be applied to the remaining elements in (22)).
Note that these edges do not overlapwith the edges described in (IV) since the sets (16)–(19) have trivial intersection
with the set (15). Furthermore, (13) and (14) imply that the edges just defined are consistent with those defined in (II)
and (III).
(VI) In each (1, d− 2)-component with vertices vi,1 which have not been considered in (I), (II), (III), (IV) or (V), add d-edges
as described in the discussion preceding Proposition 3.9 with the vertex u chosen arbitrarily within each connected
component. For j ≥ 1 add a d-edge between the vertices vi,j and vk,j if and only if there is a d-edge between the vertices
vi,1 and vk,1.
Now we show that for almost all values of q the graph Chiq(G) is a GPR graph of a chiral (d+ 1)-polytope.
Proposition 6.2. Let d ≥ 4 and let R be a scattered chiral d-polytope with regular facets withQ = R the mixed regular cover
of R, N ≤ Γ +(Q) such that R = Q/N and scattering element n ∈ N.
Let G be the Cayley GPR graph of Q. Then there exists b such that for every q ≥ b the graphs Chiq(G) are GPR graphs of chiral
(d+ 1)-polytopes whose facets are isomorphic toQ.
Proof. We need to prove that the group induced by σ1, . . . , σd−1, τd−1,d (defined as permutations of the vertices of Chiq(G))
satisfies relations (2) and the intersection condition, and that the resulting polytope is not regular. As we shall see, relations
(2) and the intersection condition hold regardless of the choice of q.
For i < j < d relations (2) are a consequence of the fact that every (1, d − 1)-component is isomorphic to the Cayley
GPR graph ofQ. Relations (σi · · · σd)2 = ε follow from Lemma 2.1 and Propositions 3.8 and 3.9. Note that the set of d-edges
incident to each (1, d− 1)-component were defined from these two propositions.
The intersection condition for 〈σ1, . . . , σd〉 follows from Theorem 3.7, if we show that Chiq(G) satisfies Items (a), (b), (c)
and (d). Item (a) holds by construction, Item (b) was discussed above. Item (d) follows by construction as well, taking Ck and
Dk as the connected components containing v1,1. Here we use Item (IV) of the construction of Cayq(G). Finally, Item (c) can
be proved with the following argument. It follows from Item (IV) that v1,jσd = v1,jσd−1 for every j, and v1,jσ 2d = v1,j+1 for j
odd (recall that σd = σ−1d−1τd−1,d). Therefore σd contains the 4-cycle
(v1,1, v1,1σd−1, v1,2, v1,2σd−1)
in its cyclic structure. Consequently, any power of σd preserving the set {vi,1 | i ∈ {1, . . . , r}} acts like ε in v1,1. It follows
from Corollary 3.2 that 〈σ1, . . . , σd−1〉 ∩ 〈σd〉must be trivial.
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To prove that for some values of q the resulting polytope is not regular we define the elements
ω := τd−1,dnτd−1,dn−1
and
ω∗ := τd−1,dn∗τd−1,d(n∗)−1.
Note that ω∗ can be obtained from ω by replacing σ1 and σ2 by σ−11 and σ
2
1 σ2, and therefore, it suffices to prove that ω and
ω∗ have distinct orders. An easy calculationwill show that (ω∗)2 fixes all vertices of the form v1,jαν and v1,jnαν with j ∈ Z2q,
α ∈ 〈σ1, . . . , σd−1〉 and ν ∈ {ε, (n∗)−1}. Furthermore, ω∗ preserves the sets of vertices
Vj := {vi,j | i = 1, . . . , r} r {v1,jαν, v1,jnαν | α ∈ 〈σ1, . . . , σd−1〉, ν ∈ {ε, (n∗)−1}}.
Consequently, the order of ω∗ does not depend on q. On the other hand, the smallest positive power of ω fixing v1,1 is q and
therefore qmust divide the order ofω. Hence, the graphs Chiq(G) are GPR graphs of chiral polytopes for every q not dividing
the order of ω∗, for instance, any integer q greater than the order of ω∗.
It follows from Remark 2.4 and Proposition 3.6 that the facets of the resulting polytope are isomorphic toQ. 
We observe that in the previous section, where we construct a chiral 4-polytope P from a polyhedron, the group
automorphism of Γ +(P ) = 〈σ1, σ2, σ3〉 mapping σ1, σ2 and σ3 to σ−11 , σ 21 σ2 and σ3 respectively maps τ2,3 to σ 21 τ2,3 and
therefore we need to use the dual version of Proposition 2.2 instead of (8).
The following lemma summarizes some properties of the chiral polytopes above constructed.
Lemma 6.3. Let R, Q, N, G and Chiq(G) be as in Proposition 6.2. Let ω := τd−1,dnτd−1,dn−1 and ω∗ := τd−1,dn∗τd−1,d(n∗)−1.
Then
(a) any element in the group 〈σ1, . . . , σd−1〉maps vi,j to vk,j for some k,
(b) any element of 〈σ2, . . . , σd〉maps vi,j to vk,l for some k ∈ {1, . . . , r} and some l ∈ {j− 1, j, j+ 1},
(c) for any integer a, vi,j(ω∗)a = vk,l for some k ∈ {1, . . . , r} and some l ∈ {j− 1, j, j+ 1}, moreover, l = j whenever a is even,
(d) vi,jω = vk,l for some k ∈ {1, . . . , r} and some l ∈ {j− 2, j− 1, j, j+ 1, j+ 2}.
(e) n〈σ1, . . . , σd−2〉n ∩ 〈σ1, . . . , σd−2〉 = ε.
Proof. Item (a) follows directly from (I) in the construction of Chiq(G). Item (b) is a consequence of (13) in the polytope Q.
The proof of Item (c) is given in the proof of Proposition 6.2. Item (d) is implied by the fact thatω has only two factors τd−1,d.
Item (e) follows form the fact that the sets (16) and (18) (with H and h replaced by N and n respectively) are disjoint. In fact,
if η is the group automorphism of 〈σ1, . . . , σd−2〉 mapping σ1 and σ2 to σ−11 and σ 21 σ2 while preserving σk for k ≥ 3, and
α, β ∈ 〈σ1, . . . , σd−2〉 are such that nα = βn−1 then n∗(αη) = (βη)(n∗)−1. But αη, βη ∈ 〈σ1, . . . , σd−2〉, which contradicts
our hypothesis. 
The following lemma allows us to apply the above construction repeatedly.
Lemma 6.4. Let d ≥ 4,R be a chiral scattered (d− 1)-polytope with regular facets and mixed regular cover Q := R, and let G
be the Cayley GPR graph of Q.
Let P be the chiral d-polytope with GPR graph given by a graph Chiq(G) for certain q ≥ 2b for b as in Proposition 6.2. ThenP
is scattered.
Proof. Let K := P be the mixed regular cover of P with Γ (K) = 〈ρ0, . . . , ρd−1〉 and Γ +(K) = 〈σ1, . . . , σd−1〉. Let
M ≤ Γ +(K) such that P = K/M .
We need to show that there existsm ∈ M such that (13), (14) and (20) hold, and the sets (15)–(19) are pairwise disjoint
after replacing h and H bym andM respectively,.
Let N ≤ Q such thatR = Q/N , let Γ (Q) = 〈µ0, . . . , µd−2〉, let n ∈ N be the scattering element, let n∗ := µ0nµ0, and
letω := τd−2,d−1nτd−2,d−1n−1 andω∗ := τd−2,d−1n∗τd−1,d−1(n∗)−1. Let t be the order ofω∗ in Γ (P ). We abuse notation and
letw := τd−2,d−1nτd−2,d−1n−1 andw∗ := τd−2,d−1n∗τd−2,d−1(n∗)−1 as elements of Γ +(P ).
Let E be the GPR graph of the rotation subgroup of P obtained as the disjoint union of Chiq(G) and the graph [Chiq(G)]∗.
We recall that [Chiq(G)]∗ is the graph obtained from Chiq(G) by reversing all 1-arrows, erasing all 2-arrows and adding a
2-arrow for each path of G determined by σ 21 σ2. For every i, jwe denote by ui,j the vertex of [Chiq(G)]∗ corresponding to vi,j,
and thus, the vertex set of E is {vi,j, ui,j | i = 1, . . . , r; j ∈ Z2q}. Lemma 4.3 and our choice of q ≥ 2t imply that (w∗)t ∈ M
and that (w∗)t (as well as the entire groupM) acts like ε on all vertices vi,j whereaswt (and the entire groupM∗) acts like ε
on all vertices of ui,j. Note also that
u1,1(w∗)t = u1,1+2t and v1,1wt = v1,1+2t . (23)
We now prove that form = (w∗)t , relations (13) and (14) after replacing h bym are satisfied. Note that (13) follows from
Lemma 6.3(a) and (b) applied to v1,1, and from (23). On the other hand, (14) is a consequence of (23), Lemma 6.3(a) and the
fact thatM∗ acts like ε in every vertex ui,j, in particular in u1,1.
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Next we show that (20) holds. Assume that αm∗ = m∗β for some α, β ∈ 〈σ1, . . . , σd−2〉 then the regular action of
〈σ1, . . . , σd−2〉 on the set of vertices {ui,1 | i ∈ {1, . . . ,m}} and the fact thatM∗ acts like ε on ui,j for all i, j imply that α = β .
Observe that v1,1m∗β = vi,1+2t for some i. It follows that (v1,1α)m∗ = vi,1+2t . By Lemma 6.3(d) and our assumption of
q ≥ 2b, (v1,1α)ωk = vi,2k+1 for some i, in particular (v1,1α)ω = vi,3 for some i. It follows directly from the construction that
α ∈ 〈σ1, . . . , σd−3〉, but sinceQ satisfies (20), α must be ε.
To prove that the set (15) is disjoint to the sets (16)–(19) it suffices to make use of Lemma 6.3(a) and (b) and note that
for every element ξ of each of the other four sets there is an α ∈ 〈σ1, . . . , σd−2〉 such that ξ maps the vertex v1,1α or the
u1,1α into the vertex vi,l or the vertex vi,l for some l ∈ {1+ 2t, 1− 2t} and some i.
Sets (16) and (18) have empty intersectionwith sets (17) and (19) since the first two preserve the connected components
of [Chiq(G)]∗ whereas every element in the other two sets map the vertex u1,1 to a vertex vi,2t for some i.
It only remains to show that the sets (16) and (18) are disjoint. Assume to the contrary that m∗α = β(m∗)−1 for some
α, β ∈ 〈σ1, . . . , σd−2〉. Then
v1,1βω
−t = v1,1β(m∗)−1 = v1,1m∗α = v1,1wtα = vi,1+2t
for some i. It follows from Lemma 6.3(d) that v1,1βω−1 = v1,1βnτd−1,dn−1τd−1,d = vk,3 for some k. This is possible only if
βn ∈ 〈σ1, . . . , σd−3〉 and n−1 ∈ 〈σ1, . . . , σd−3〉n〈σ1, . . . σd−3〉, since otherwise the factor τd−1,d preserves the (1, d − 3)-
component. But this contradicts Lemma 6.3(e) forQ. Note that this immediately implies that sets (17) and (19) are disjoint
as well. 
Finally we are ready to prove the main theorem.
Theorem 6.5. For every d ≥ 3 there exist chiral d-polytopes.
Proof. The theorem follows from Proposition 6.2 and Lemma 6.4 provided we show a chiral scattered 4-polytope
We observe that the polytope with GPR graph isomorphic to the graph constructed as in Section 5 for q = 1300 is
scattered. The proof of this claim is analogous to that of Lemma 6.4. 
Unfortunately the automorphism groups of the chiral polytopes constructed with this method can be extremely big,
as illustrated in the previous section. This makes it hard to explore their structure. However we can give some quotient
relations among them. Provided τd,d−1 acts in the same way on all (1, d − 2)-components (note that this condition can be
dropped), it follows from Proposition 3.5 that, for all positive integers k and q, the group induced by the graph Chiq(G) is a
quotient of the group induced by Chikq(G).
In general Item (VI) of the construction of Chiq(G) can be done in several different ways. Note that the choices of d-edges
have a direct impact in the last entry of the Schläfli type. For instance, if in the polytope constructed in Section 5 we replace
the edge between the vertices v1,1σ−11 σ
2
2 and v1,1σ
−1
1 σ
2
2 σ
−1
1 (that is, the horizontal edge in the bottom row in Fig. 4) by
the edge between the vertices v1,1σ−11 σ
2
2 σ1 and v1,1σ
−1
1 σ
2
2 σ
−1
1 , the last entry of the Schläfli type of the chiral 4-polytope
changes from 2520 to 7560. This suggests that there are many chiral (d + 1)-polytopes that can be obtained from a chiral
scattered d-polytope with the construction described above.
The requirements for a polytope to be scattered were chosen to simplify the proofs, however, they may be more
restrictive than needed. For example, the polyhedron {4, 4}(5,0) is themixed regular cover of the chiral polyhedron {4, 4}(2,1).
Furthermore, {4, 4}(2,1) ∼= {4, 4}(5,0)/N where N is the cyclic group generated by the translation by the vector (2, 1). Then
for any n ∈ N , σ 21 n = n−1σ 21 (this says that the sets (16) and (18) are not disjoint). If we want to construct a chiral 4-
polytope in the way described in Section 5 we need to consider the fact that the vertices v1,1n and v1,1σ 22 n
−1 belong to the
same 1-component. However, it is still possible to follow Step 3 of the construction in Section 5 since there is a matching
of the corresponding connected component fixing both vertices. This suggests that we can probably relax the requirements
in the definition of scattered polytopes, allowing more regular polytopes to be facets of chiral polytopes obtained by this
construction.
The requirement that the polytope Q is a regular cover of a chiral polytope is not essential. The construction of a
chiral (d + 1)-polytope from a regular d-polytope Q with automorphism group 〈ρ0, . . . , ρd−1〉 and rotation subgroup
〈σ1, . . . , σd−1〉 can be implemented if we require Γ (Q) to contain an element h satisfying (13), (20) and (14) after replacing
H∗ by 〈h∗〉, and with the property that the sets (15)–(19) are mutually disjoint, where h∗ = ρ0hρ0.
The last remarks suggest that not only there exist chiral d-polytopes for every rank d ≥ 3, but that there are plenty of
them.
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